The classical theory of wave propagation in elastic cylinders is extended to poro-elastic mandrel modes. The classical theory predicts the existence of undamped L modes and damped C, I, and Z modes. These waves also appear in poro-elastic mandrels, but all of them become damped because of viscous effects. The presence of the Biot slow bulk wave in the poro-elastic material is responsible for the generation of additional mandrel modes. One of them was already discussed by Feng and Johnson, and the others can be grouped together as so-called D modes. The damping of these D modes is at least as high as the damping of the free-field slow wave.
I. INTRODUCTION
For the interpretation of acoustic borehole logs a thorough understanding of the effects of rock properties on acoustic wave propagation is required. Examples of these properties are the porosity, permeability, lithology, and hydrocarbon saturation. In conventional acoustic borehole logging the first arrival of the acoustic wave train can be used to determine the porosity. The full wave train is applied to determine mechanical properties, while one of the late arrivals, the Stoneley wave, is used to obtain permeability data.
1, 2 The properties of the different arrivals in the time domain can be studied separately. Rosenbaum 3 used Biot's theory 4, 5 to describe the wave modes in a borehole. Schmitt et al., 6 Liu, 7 and Winkler et al. 8 demonstrated the permeability dependence of the Stoneley wave. It was argued that the permeability dependence of the Stoneley wave could be explained by its relation to the slow Biot wave. The present study is concerned with wave modes in a porous cylinder. Special attention is given to the influence of the slow Biot wave on the wave modes. The configuration is given in Fig. 1 , representing a porous mandrel inside a steel tube. Between the porous cylinder and the inner wall of the tube a water-filled annulus exists. Experimental results for this configuration were discussed in a previous paper. 9 In these experiments, a series of pressure waveforms is recorded at different positions along the cylinder. A FFT-Prony method is implemented to transform the data from the timespace domain to the frequency-wavenumber domain. In this way, frequency-dependent velocities and attenuation of individual mandrel modes can be studied separately. The fundamental mode is the Stoneley wave propagating along the interface between the porous medium and the liquid. However, also higher-order modes were observed in some of our previous experiments. 10 This observation motivates our systematic study of these higher-order modes, which may appear in poro-elastic mandrels.
First, the wave modes in nonporous elastic mandrels are revisited. Wave propagation in elastic cylinders is described by the Pochhammer equation, which has been investigated by many researchers. 11, 12 In essence, this equation describes the propagation of wave modes through an elastic cylinder ͑mandrel͒ with free-surface boundary conditions. A finite number of undamped modes occur, as well as an infinite number of strongly damped modes. 13, 14 Gardner 15 was the first to study wave modes in porous cylinders. In that work the long-wavelength approximation was combined with the low-frequency limit of Biot's theory. Two types of wave modes were predicted, one related to the free-field fast wave and one related to the free-field slow wave. Berryman 16 used the full Biot theory to study the wave modes in a poro-elastic cylinder. When the pores of the cylinder have an open connection with the outside world ͑open-pore condition͒, three wave modes were found that are similar to the wave modes in an elastic cylinder. No waves associated with the free-field slow wave were found. When the pores are sealed from the outside world ͑closed-pore con-dition͒, a wave type was found that had several properties of the free-field slow wave. Its velocity, however, was lower than that of the free-field slow wave. It was suggested that this wave type is similar to the true surface wave discussed by Feng and Johnson. 17 Hsu et al. 18 investigated wave modes in a ͑porous͒ mandrel in a cylindrical borehole surrounded by an elastic formation. Their configuration is similar to ours. A wave mode that could only be explained by the presence of the slow Biot wave was found. Further work on porous cylinders has been carried out by Johnson and Kostek, 19 who provided a comparison between the approximation of Gardner and the full Biot theory for the first mode type. Previous papers have in common that usually one or two waves are discussed that are of importance for practical purposes. In this paper, the full set of wave modes that exist in poro-elastic cylinders is discussed. In this respect, it is an extension of the work by Zemanek 14 to the poro-elastic case. The approach of this paper is as follows. First, the results for the undamped and damped modes in a nonporous elastic cylinder are briefly reviewed. Next, the computational results are given for a water-saturated mandrel made out of natural Bentheimer sandstone, which is a typical example of the class of consolidated sandstones.
II. ELASTIC CYLINDERS
A detailed analysis of the wave modes in an elastic cylinder is given by Onoe et al. 13 and Zemanek.
14 Following the approach of Miklowitz 12 for the axial symmetric case, the following decomposition for the displacement vector u s is used: The radial wavenumbers k rc1 and k rsh are defined as
In these expressions c L and c T denote the compressional and shear velocity, respectively. The free-surface condition requires that all stresses at r = a vanish:
For the amplitude coefficients the following system of equations is obtained:
where the elements of M = can be derived from the boundary conditions ͑see Ref. 12 , pp. 220-221͒. The requirement that the determinant of coefficients must vanish yields the frequency equation: F͑ , k͒ = 0. This equation is the wellknown Pochhammer frequency equation. This equation is solved using a Newton-Raphson algorithm. At a given frequency , a finite number of undamped modes and an infinite number of damped modes exist. 14 The results of the calculations for the undamped modes are shown in Fig. 2 . On the horizontal axis the dimensionless frequency is shown, while on the vertical axis the dimensionless phase velocity is given, where a is the radius of the cylinder. Pochhammer's equation is determined uniquely by the variables a / c T , ka, and Poisson's ratio . 11 The results are given for = 0.3. For comparison, the free-field velocities of the compressional and the shear waves are also given. The solutions in the dashed region correspond to surface waves. In Fig. 2 , one wave mode, which is propagative in the entire frequency range, is observed. This mode is labeled L1. In the low-frequency limit the phase velocity of the L1 mode is called the bar velocity. In the high-frequency limit the phase velocity is equal to the velocity of the Rayleigh wave on a flat interface. At these high frequencies, the wavelength becomes large enough so that the curvature of the surface is negligible with respect to the wavelength. The higher-order modes L2 , . . . , L6 are characterized by the high-frequency limit of the phase velocity, which is the free-field shear velocity. At lower frequencies they show cutoff behavior, i.e., below the cutoff frequencies these modes are nonpropagating.
For the same cylinder, also an infinite number of damped modes exist, for which Re͑k͒a and Im͑k͒a are given in Fig. 3 as a function of the frequency a / c T . For comparison, also the undamped wave modes are drawn ͑solid lines͒. Modes that appear only on the right-hand side of Fig. 3 are propagatory and undamped. Modes that appear only on the left-hand side of Fig. 3 ͓the Re͑k͒a − a / c T part͔ are nonpropagative and damped, whereas modes that appear in both plots are propagating damped waves. The latter are indicated by pairs of dashed lines: one in the Re͑k͒ plane, and a corresponding one in the Im͑k͒ plane. Labels C and I are used here. The C modes exist at zero frequency and for higher frequencies they catch up to the Z1 mode, which is a nonpropagative mode. The I modes originate from the Z1 mode and eventually catch up to the nonpropagative Z2 mode ͑not shown in Fig. 3͒ . The C, I, and Z modes play an important role near the ends of cylinders with finite length, 14 but the discussion of end aspects is beyond the scope of the present paper.
III. POROUS CYLINDER IN THE SHOCK TUBE
The configuration of the liquid-loaded water-saturated porous cylinder is given in Fig. 1 . The cylinder is considered infinitely long. The radius of the porous cylinder is denoted by a, while the inner radius of the surrounding tube is denoted by b. Biot's theory is used to describe wave propagation in the porous cylinder. A potential formulation based on Biot's theory is used to solve the wave equation in cylindrical coordinates in the frequency domain. This formulation takes into account the two free-field compressional waves and the free-field shear wave in the porous cylinder as well as the compressional wave that propagates in the fluid. The boundary conditions lead to a linear system for the amplitudes of the waves. In order to find the wave modes the determinant of this system must be equal to zero. This condition leads to a secular equation for the wavenumber of the guided wave. The secular equation is solved using a zero search routine based on Newton-Raphson's iteration method in the complex plane. At r = a the open-pore boundary conditions as given by Deresiewicz and Skalak 20 and Rosenbaum 3 are applied, while at r = b the radial displacement of the water is assumed to be zero. In our experiments, this is a realistic assumption indeed, as the walls of the shock tube are made of 25-mm-thick stainless steel. Hence, the following boundary conditions apply:
Using the expressions for the displacements and stresses as given in Appendix A, the five unknown amplitudes can be written as
The elements of matrix M = are given in Appendix B.
IV. COMPUTATIONAL RESULTS FOR PORO-ELASTIC CYLINDERS
The computations are performed for a water-saturated Bentheim sandstone whose properties are given in Table I . This is a fast formation, i.e., the shear velocity is higher than the water velocity. The computations were performed with a diameter of the cylinder of 70 mm, while the inner diameter of the tube is 77 mm, i.e., a = 0.909b ͑see Fig. 1͒ .
Some of the modes that were found show similarities with the L, C, and I modes of the nonporous elastic cylinders examined in Sec. III, and consequently these modes are labelled L, C, and I here as well. Furthermore, a surface mode is found, which will be denoted by S. Due to the presence of the free-field Biot slow wave in the porous cylinder, an extra class of modes occurs, which is denoted by D. Because of the complexity of the complete mode pattern the results are presented in separate figures. First, the L and S modes will be discussed, which are characterized by a relatively low damping factor. These results are shown in Fig. 4 , while the results for the C, I, and D modes are shown in Figs. 7 and 8.
A. L and S modes
The data for the L and S modes are presented in the same way as for the nonporous elastic case, but, for practical purposes, 9 the frequency instead of the dimensionless parameter a / c T is used. In Fig. 4͑a͒ the frequency versus the real part of k is plotted, while in Fig. 4͑b͒ the frequency dependence of the phase velocities is given.
Note that Re͑k͒ is normalized by the inner radius of the shock tube b, while the phase velocities are normalized by
The L1 and L2 modes have a finite phase velocity over the entire frequency range, while the higher-order L modes are cut off below a certain frequency. The L modes in Fig. 4 show strong similarities with the results of Fig. 2 , where one mode that is propagative over the entire frequency range is observed, while the other modes were cut off below a critical frequency. There is, however, an important difference with respect to the case of nonporous elastic cylinders. The L1 mode for the nonporous elastic cylinder is undamped over the entire frequency range, and the higher-order L modes are undamped above the cutoff frequency. For the porous material, however, the free-field fast, slow, and shear waves are damped, and, consequently, all the L modes are damped over the entire frequency range. The damping coefficients of the L1 mode over the entire frequency range, and of the higherorder L modes above the cutoff frequency, are low, i.e., ͉Im͑k͒b ͉ Ӷ 1 ͑not plotted͒. The high-frequency velocity of the L1 mode equals the sound speed of water and the damping tends to zero. This wave is therefore associated with wave motion in the annulus. In the low-frequency limit, the phase velocity is somewhat lower than the free-field velocity of the fast wave. For the purely elastic case, this limiting speed was the so-called bar velocity ͱ E / . Further analysis showed that for this mode radial and axial stress components are of equal importance at high frequencies. 21 In the lowfrequency limit the one-dimensional stress situation is obtained, i.e., the axial stress is dominant over the radial and shear stresses, and pore pressures are of the same order as the pressure in the annulus.
In the high-frequency limit, the L2 phase velocity reaches the phase velocity of the free-field shear velocity. At low frequencies the phase velocity remains finite, which is different from the behavior of the L2 mode for the nonporous elastic case. The phase velocity of the latter mode becomes infinite at the cutoff frequency. Note also that the damping of the L2 mode for the porous cylinder is relatively large at low frequencies ͉͑Im͑k͒b ͉ Ͼ 1͒ ͑see Fig. 7͒ . Now the S mode is further analyzed. This wave is generally conspicuously present in our experiments 9 and therefore merits further investigation. Figure 5 displays the frequency dependence of the phase velocity and the damping coefficient of the S mode in the 1 -1000-kHz frequency range. For comparison the pseudo-Stoneley wave ͑denoted PS 41 in the figure͒ for a plane interface is also shown. 21 From Fig. 5 it is observed that the S mode is equivalent to the plane-interface pseudo-Stoneley wave in the high-frequency range, where the wavelengths involved are much shorter than the radii of the shock tube and the porous cylinder. Both the phase velocities and the damping coefficients are nearly identical. At lower frequencies, the S mode is influenced by the curvatures of the porous cylinder and of the wall of the shock tube, as the wavelength becomes of the order of magnitude of the radii of the shock tube and the porous cylinder. Figure 6 shows the radial distributions of the stresses and pressures for the S mode at 120 kHz. The stresses and pressures are normalized by the pore pressures at the radial FIG. 4 . Frequency dependence of Re͑k͒ ͑a͒ and the phase velocity ͑b͒ for the L and S modes. The wavenumber is normalized by the inner radius of the shock tube b, the phase velocity by the sound velocity of water. The free-field solutions for the fast ͑C 1 ͒, the slow ͑C 2 ͒, and the shear wave ͑C sh ͒ are also given. The computations are performed for a Bentheimer sandstone cylinder with a diameter of 70.0 mm. Note that the full computational results are presented in three figures. L and S modes are presented here, the C and I modes are shown in Fig. 7 , and the D modes are shown in Fig. 8. surface of the porous cylinder r = a. We notice in Fig. 6 that the typical behavior of the surface wave is present at 120 kHz: a pressure peak at the wall is observed, followed by an exponential-like decay. The pressure oscillations for r / b values below 0.4 are generated by the free-field slow wave. We found that as the frequency is lowered, the pressure peak at the wall becomes broader, and the surface-wave character disappears. It can be argued that the S mode is associated with a surface wave at high frequencies, while it corresponds to a bulk wave type at low frequencies. Note that this is similar to the corresponding mode in a borehole, which is associated with the so-called "water-hammer" at low frequencies and with the pseudo-Stoneley wave at high frequencies. Furthermore, it can be remarked that over the entire frequency range, the annulus pressures are of the same order as the pore pressures in the porous cylinder.
Summarizing, from the analysis of the S, L1, and L2 modes, it can be stated that for the S and L1 modes the motion of the water in the annulus plays an important role. The annulus pressures for these modes are of the same order of magnitude as the stresses and pressures in the porous cylinder. The L2 mode, however, is dominated by the motion of the solid matrix. The same behavior can be expected for the higher-order wave modes. It is worthwhile to mention that in some of our previous experiments we observed the excitation of L modes in a borehole configuration as well.
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B. C and I modes
Our numerical computations also predict a number of strongly damped modes, which are similar to the damped C and I modes that we observed in computing the nonporous elastic case ͑see Fig. 3͒ . Consequently, these modes for the poro-elastic cylinder are labelled C and I as well. In Fig. 7 , the results are presented in the same way as for the nonporous elastic case. The C modes are indicated by dashed lines, and the I modes are indicated by solid lines. For comparison, some of the L modes that were already presented in Fig. 4 are plotted again. The behavior of Re͑k͒ of the C modes for the porous cylinder is somewhat different from the C modes for the elastic case, which have a finite value of Re͑k͒ at low frequencies. For the C modes of the porous cylinder, Re͑k͒ is zero in the low-frequency limit. The C modes are connected to the I modes via modes in the third quadrant of the k plane. Those modes have infinite amplitudes for z → ϱ, and are not shown in Fig. 7 . 
C. D modes
Up to now it was possible to relate our computational results to the nonporous elastic cylinder. For the poro-elastic cylinder in the shock tube, however, an extra mode type has been found, closely related to the existence of the free-field slow wave. The occurrence of this wave mode family for open-pore boundary conditions is in agreement with the predictions by Gardner, 15 Liu, 7 and Hsu et al. 18 In the following, the slow wave mode is denoted by D. In fact, this mode is essentially a slow wave with some coupling to the other mode types. The results for the D modes are shown in Fig. 8 , where the frequency dependence of the real and imaginary parts of k is shown. In this figure the dashed lines indicate the free-field solution for the slow wave. From these results it is clearly observed that the D modes have the free-field solution of the slow wave as their high-frequency limit. The damping of these modes is at least as high as the damping of the slow wave and of the same order of magnitude as the damping of the C modes.
The pore pressures and the stress components are of the same order of magnitude, while the pressures in the center of the cylinder are much larger than the gap pressure. This means that the wave motion in the gap is of less importance for the D modes.
21
V. CONCLUSIONS
Porous mandrels are investigated. The so-called L modes are equivalent to the ones in a nonporous elastic cylinder. These modes are characterized by cutoff frequencies and their phase velocities in the high-frequency limit, which are equal to the shear velocity. For the porous cylinder, an equivalent yet strongly damped set of modes is found. Furthermore, a surface mode S occurs at the interface between a porous cylinder and a relatively large water-filled gap. At high frequencies this wave corresponds to the pseudoStoneley wave. Extra bulk wave modes, the D modes, occur due to the presence of the Biot slow wave. The damping of the higher-order D modes is at least as high as the damping of the Biot slow wave itself.
APPENDIX A: BIOT THEORY IN POROUS CYLINDERS
The potential s in Eq. ͑1͒ consists of two parts, one for the fast Biot wave and one for the slow Biot wave: 16, 22 
The fast wave potential satisfies the wave equation with respect to the complex-valued velocity of the fast wave c 1 and the slow wave potential satisfies the wave equation with respect to the complex-valued velocity of the slow wave c 2 .
The shear potential sh satisfies the wave equation with respect to the complex-valued velocity of the shear wave c sh .
For sc1 , sc2 , and sh it is possible to derive that 
with Im͑k rc1 ͒ Յ 0, Im͑k rc2 ͒ Յ 0, and Im͑k rsh ͒ Յ 0. The potentials for the fluid are related to the potentials of the solid by the following expressions:
͑A6͒
The coefficients ␤ c1 , ␤ c2 , and ␤ sh are frequency-dependent and can be derived from the equations of motion ͑see Ref. 22 , p. 131͒. The displacements of the solid and the fluid can be derived from the potentials by the following relations:
and
For the isotropic case the stress-strain relations are given by Biot. 23 Using cylindrical coordinates the radial stress component acting on the solid part can be written as
͑A9͒
where the elasticity coefficients P, Q, R, and G have been introduced. The relation between these coefficients and measurable quantities are given by Allard. 22 For the shear stress rz it follows that
ͪͬͮ. ͑A10͒
The stress component acting on the fluid part can be written as
The radial stress acting on the solid part can be related to the radial component of the so-called intergranular stress rr and the pore pressure p p by
where is the porosity. For rr it holds that
͑A13͒
where
For intergranular shear stress it is clear that rz = rz . The pore pressure can be written as p p =− / . The wave motion in the water-filled gap is described by the wave equation of water. Hence, it is possible to derive the potential of the water-filled gap: where the e i͑t−kz͒ dependence has been omitted.
APPENDIX B: MATRIX ELEMENTS FOR THE POROUS CYLINDER
The boundary conditions for the porous cylinder in the shock tube give the following system of equations for the amplitudes of the potentials: Hence, the final result of the potential w as given by Eq. ͑A16͒ is not influenced by the sign of k rw , and the choice of the Riemann sheet for the radial wavenumber k rw is arbitrary. The only relevant cut is the branch cut of the functions Y 0 and Y 1 : ͉arg͑k rw r͉͒ = . Passing this cut can be avoided by using Im͑k rw ͒ Յ 0. 
